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Many spatial mixed (boundary value) problems in the theory of elasticity
for example, the contact problem for an elastic layer) may be reduced to
the solution of an integral equation of the form
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where ? 1s & point with coordinates (x,g) and P 1s z point with coordi-
g

nates ;n). The kernel of Equaticn {1} is given by the Formula
o
K (k) = \1,00 Jo (uk) du ( ::%;) {J, () 1s the Bessel function)
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and, moreov: r, z{u) 1s a continuous function and
L{uy—>1 as u-—oc, L) —~Au 8as u-0 {A = const) (3)
As regards the region (Q we shall assume that it is simply-connected,

convex, and bounded by & sufflclently-smooth curve [

Let us introduce into consideration the parameter X = h/p {where
=A/, maxy H). When the value of this parameter A > 1 , the solution of
Equation (1) can be obtalned sufficlently simply if we know the solution of
the auxiliary integral equation [1]
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However, the method which 1s so useful in that clrcumstance, 13 either
not very effective or 1s completely inapplicable for values cf 1 < 1 .
Of help here is only the fact that for very small values of X we can
find [1] a very simple degenerate solution of Equatlon (1),
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In practice this solution can be used for a sufficlently wlde range of
variation of parameter X , namely for X € X, (see below for a determination
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of the magnitude of 1, ).

It should now be noted that the degenerate solution (5) has one essential
deficlency. Namely, it can be shown that for any value of the parameter
A € (0, oc) the solution of Equation (1) should have a singularity of the
type 1//R on the contour [ of region Q From this 1t follows that the
degenerate solution (5) will give incorrect results for values of close
to L Hence, we set ourselves the task of obtaining a practical, conve-
nient, approximate solution of Equation (1) which will be suitable for the
values O < A € 1 and which will have a singularity of the form l/VP on

contour [ .

Y Keeping in mind the first of formulas (3.10)
in [2], we shall strive to obtaln the indlcated

v solution of Equation (1) for the case f (Q)=u
{uw = const). Obviously, this solution should

\\\q have the form
¢ Q=111+ Q] (©)

where the function &(@Q) has the singularity

01(x,4,) of the type 1//F on [ and rapidly approaches
ooe zero as the point ¢ moves away from the con-
1 4 tour

Fig. 1 Thus, the matter reduces to the finding of

a function ¢(¢) with the stated properties.

Let y = w(x) be the equation of contour I of region 0 , and let ¢’
be the point on 7 wilth the coordinates x,,y, Let us transfer to a new
Cartesian coordinate system with origin at %he point ¢’ and, moreover, let

the axls (0’y’ be directed along the tangent to contour [ and axie 0 x
toward the interior of region Q

The transformation from the old coordinates x,y to the new x can be
effected by Formula
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The formula for transforming from x,y to y’ 18 not needed for what
follows, Let d be the length of the straight line (‘D and let the equa-
tion of the contour in the new coordlnate system have the form
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then, 1n the dimensionless varlables
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Equation (1) can be represented in the form
dh dph
Sda S Qu (@, BYK (V (e — a)2+ (b — B)?) dB =%:-£ (e, 0) € Q,) (10
0 dy/h
Following paper [3] (*) we rewrite Equation (10) in the form
[e2] o]
(a0 { o0 m k(VE=ar =09 a8 = 2L+ F (0u ) (1)
0 -—00

#) Note that in formulas (14) and (15) of paper (3], instead of &(p)
there should be #(p/2). In connection with this, certain values in Table 1
of this paper will be changed.
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where F(w yh) denotes a certailn integral operator on g, , whose expression
is not neeaed for what follows; let us note only that F(m*,o) = 0

Solving Eluation (11) for small values of X by the method of sequential
approximations, with sufficient accuracy we can restrict ourselves to the
zero-th approximation which 13 determined from Equation

(do { eue, B KVE— 27T 6= as= 5L (12)
0 —o

It 1s easy to show that the solution of Equation (12) will be a function

of o alone, i.e. @, (2, B) =@, (a); without loss of generality, Equation (12)
can be rewritten in the form

S Px (@) Ky (@ — @) da = “}: , a>0 (13)
Here ’ 1 @
KMW—®=3—\KW%—4V+WMK=

—00
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:S L (w) du %J‘, wVie=arFp dB:S :’J% cos (¢ — ) u du (14)
0

0 0
The solution of Equation (13) can be obtained in closed form by the Wlener-
Hopf method; however, we can indicate an approximate solution which 1s com-
putationally convenient.

Using the properties (3) of the function L{u) , with a sufficient degree

of acfﬁracy (as examples show), we can approximate kernel (14) by the expres-
sion ]

(o]

K, (@ —0) = S cosfa— A u,, (15)
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Then, the solution of Equation (13), corresponding to an approximate solu-

tion of Eluation (1) for small i , can be found sufficlently easily by the
Wiener-Hopf method and has the form [3] (here &(x) is . he probability inte-

gral) ] _ .
_ _ e 2a A p=t
Qe (@) ¢ {z,v) an [CD (V7> + ‘/E exp —A—] (16)
oz 1 _ ’ . —
a = " + Tﬂ—_—*_—‘——_.mo_) [(= -'”o) 0" (xp) + @ (xp) yl (17)

Thus, the approximate solutlon in form (6) of Equation (1) is given by
Formulas (16) and (17).

If the region 0 1s a circle of radius p , then Formula (17) becomes
a=(p—r/h (18)

Substituting (18) into (16) we get the approximate solution for this case
in the form

_ 2(p—1r) Ah —(—"n
Y Ah |:d) (I/ Ah ) T l/n p—r) P Ah :l (19)

Let us determine the quantity

©

P =2n \ @ (r) rdr = 4ppx =
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For the limits of validity of the degenerate solution (5) we have

[
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P—P, , n
— 2 1009 <5" P, = ﬂ) , = 0.05471 2
5 % < o(,, b Ae = 0.054 @1)

As an actual example let us consider the problem of the action of a circular
plane die on an elastic layer situated without friction on a rigid foudation.
The frictional force between the die and the layer 1s assumed to be absent.

This problem can be reduced to the solution of an integral equation of
type (1) in which ¢(P) is the contact pressure between the die and the
layer, h 1is the thickness of the layer [1],

. - E _cosh2u — 1 o
1(Q) = Ad, A“‘m' L (u) m (22)

and ¢ 1s the sag in the layer boundary. Noting that 4 = % , from Formula
(215 we have i,= 0.1 , 1.e. the degenerate solution (5) can be used when
r g 0.1 .

A more accurate solution, determined from Formulas (19) and (20), gives
practically correct results when X ¢ 1 as was shown by the calculations
which were carried out. Let us cilte some results of the computation of =,
and, for comparison, the values of the quantity as obtained 1n [5]) by another
method (the differences do not exceed 4.5%).

1/h= 1 1.5 2 2.5 3
= 2.26 3.08 3.88 4.67 5.46
A5y = 2.20 2.95 3.72 4.49 5.26

Let us note that the idea of applying the method of paper [3] to the solu-
tion of spatial mixed problems for elastic layers was suggested by I.I.Voro-
vich.
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